In this paper we give a simple description of DT-invariants of double quivers without potential as the multiplicity of the Steinberg character in some representation associated with the quiver. When the dimension vector is indivisible we use this description to express these DT-invariants as the Poincaré polynomial of some singular quiver varieties. Finally we explain the connections with [6] where DT-invariants are expressed as the graded multiplicities of the trivial representation of some Weyl group in the cohomology of some non-singular quiver varieties attached to an extended quiver.
Introduction
Given a finite quiver Γ with set of vertices I = {1, . . . , r} and a vector dimension v = (v 1 , . . . , v r ) ∈ (Z ≥0 ) r , we defined in [6] a family of polynomials {H s µ (t)} µ indexed by the set P v = P v 1 × · · · × P v r of multi-partitions µ = (µ 1 , . . . , µ r ) with µ i of size v i . This family contains two well-studied polynomials, namely Kac polynomials A v (q) that counts the number of isomorphism classes of absolutely indecomposable representations of (Γ, v) over F q and the DT-invariants DT v (q) of the double quiver Γ without potential. More precisely, if we put v 1 := ((v 1 ) 1 , . . . , (v r ) 1 ) ∈ P v and 1 v := ((1 v 1 ), . . . , (1 v r )) ∈ P v , we proved that A v (t) = H s v 1 (t) and DT v (t) = H s 1 v (t). The main result of [6] is the proof of the positivity of the coefficients of the polynomials H s µ (t), which implies Kac conjecture on the positivity of the coefficients of A v (t) (see [9] ) and the positivity for DT v (t). The positivity of DT v (t) was first proved by Efimov [3] by a completely different method while the positivity of A v (t) was previoulsy proved by Crawley-Boevey and van den Bergh [1] for indivisible v and by Mozgovoy [12] when the quiver Γ supports at least one loop at each vertex.
To prove the positivity of H s µ (t), we defined a certain non-singular quiver variety Qṽ associated to a certain extended quiverΓ and an extended vector dimensionṽ ofΓ which is indivisible. Denote by W v the subgroup of the Weyl group ofΓ generated by the reflexions at the extra verticesĨ\I. It is isomorphic to G v := G v 1 × · · · × G v r , where G n denotes the symmetric group in n letters. Following Nakajima's construction of actions of Weyl group on cohomology of quiver varieties, the group W v = G v acts on the compactly supported cohomology H i c (Qṽ, C). In [6] , we prove that the polynomials t where g = (g 1 , . . . , g r ) ∈ GL v . Then one can prove using similar calculations as in [11, Section 6.10] that the polynomials H s µ (q) defined in [6] coincides with the multiplicity of the irreducible representation 1 α v ⊗ U µ in R v , proving thus that the Kac polynomial A v (q) is the multiplicity of 1 α v in R v and the DT-invariant DT v (q) is the multiplicity of 1 α v ⊗ St v . The connection just mentioned between the Steinberg character and the DT-invariants, which has not been written in the literature, is rather complicated. In the first part of this paper we give a simple proof of the connection between the two.
In the second part of the paper, we assume that v is indivisible and we give an alternative description of the polynomials
as the Poincaré polynomial (for intersection cohomology) of some quiver varieties attached to adjoint orbits of gl v . More precisely, we choose a generic parameter ξ = (ξ 1 , . . . , ξ r ) ∈ C r (which is possible because v is indivisible) and we denote by C µ the adjoint orbit ξ + O µ of gl v (C) where O µ is the nilpotent orbit of gl v (C) which Jordan blocks of size given by µ. We define our quiver variety Q C µ as the affine GIT quotient of µ −1 v (C µ ) by GL v where µ v is the moment map defined in §3.1. Here is the main result of this paper.
Theorem 1.1. We have
Assuming that v is indivisible, we have
where IH i c (Q C µ , C) is the compactly supported intersection cohomology of Q C µ . As a consequence,
Formula (1.3) follows from (1.1) because the variety Q C v 1 is rationally smooth (see the end of the proof of Theorem 3.9). The
is a theorem of Crawley-Boevey and van den Bergh [1] . Their proof is completely different from the one here.
Let S be a generic semisimple regular adjoint orbit of gl v (C) (see §3.1). Such an orbit S always exists (even for divisible dimension vector) and the associated quiver variety Q S := µ −1 v (S )//GL v , which was denoted by Qṽ in [11] is non-singular. Under the assumption that v is indivisible, it is possible to construct an algebraic action of G v on H i c (Q S , C) using the Springer resolution of C v 1 as explained above Corollary 3.11. This construction of the action works also in positive characteristics and is compatible with base change (where in positive characteristic we replace the usual cohomology with ℓ-adic cohomology). The results of this paper shows that q
c (Q S , C) (see Corollary 3.11). In [6] , we do not assume that v is indivisible and so the above construction of the action of G v does not work as C v 1 does not exist. Instead we use an alternative construction due to Nakajima [13] which has the advantage to be able to be defined without the Springer resolution but which, unlike the Springer construction, is complicated to define in positive characteristic due to a technical problem (the positive characteristic case is needed as we count points over finite fields). To overtake this technical problem in [6] we used the construction in characteristic zero that we transfer to positive characteristic by base change technics, and we proved that q
The results of this paper together with those of [6] show that in the indivisible case, Nakajima's action of G v on H i c (Q S , C) coincides with the Springer action as their decomposition into irreducible representations of G v is the same.
DT-invariants and Steinberg characters
We fix once for all a finite quiver Γ with set of vertices I = {1, . . . , r} and set of arrows Ω. Let K be a field. For a dimension vector v = (v i ) i∈I ∈ (Z ≥0 ) I , we put
and we consider the usual action of GL v on Rep K (Γ, v). We will also denote by Γ the so-called double quiver of Γ, namely Γ has the same vertices as Γ, but for each arrow γ ∈ Ω going from i to j, we add a new arrow γ * going from j to i. We denote by Ω = Ω Ω opp the set of arrows of Γ. 
and its inverse Ψ −1 given by
where µ is the ordinary Möbius function. We then define Log :
We denote by P the set of all partitions including the zero partition which we denote by 0. For a dimension vector v = (v 1 , . . . , v r ) ∈ (Z ≥0 ) r , we denote by P v ⊂ P r the set of multi-partitions (µ 1 , . . . , µ r ) with µ i of size
0} is finite and does not contain pairs of the form (0, µ) or (d, 0). We denote by T the set of all types. The size |ω| of a type ω is the r-tuple of non-negative integers whose i-th coordinate is given by
The subset of types of size v = (v 1 , . . . , v r ) is denoted by T v . For a type ω we put
For a family {H µ (t)} µ of elements of Q(t) indexed by multi-partitions µ ∈ P µ with H 0 = 1, we extend it to types ω ∈ T as follows
r . We have the following lemma [4, Formula (2.3.9)]. Lemma 2.1. For any family {H µ (t)} µ as above, we have
Log compatible functions
Let F q be a finite field with q elements and let F q denote an algebraic closure. Denote by F the Frobenius x → x q on F q . Denote by O the set of F-orbits on G m (F q ). Recall that the conjugacy classes of GL n (F q ) are parametrized by the set of all maps
The type of a conjugacy class of GL n (F q ) corresponding to h : O → P is the map ω :
Given a dimension vector v = (v 1 , . . . , v r ), the conjugacy classes of GL v (F q ) as well as their types are defined in a similar manner. Namely the conjugacy classes of GL v (F q ) are now parametrized by maps h = (h 1 , . . . , h r ) :
Assume given a family of functions
r (with F 0 = 1) which are constant on conjugacy classes. We further assume that they are constant on conjugacy classes of same type and that their values on types ω is of the form F ω (q) where F ω is a rational function in Q(t). Say that such a family is Log compatible if the rational functions F ω satisfy the following property
where F µ is the polynomial giving the values of F |µ| at the unipotent conjugacy classes of GL |µ| (F q ) of type µ ∈ P r . Let v = (v 1 , . . . , v r ) be a non-zero dimension vector and fix an algebraically closed field κ of characteristic zero (which for us will be either C or Q ℓ ). Assume given a linear character
Such a character α v exists if and only if
Define the inner product of two functions f, g : GL v (F q ) → κ constant on conjugacy classes as
We denote by 1 the identity character of GL v (F q ) and by 1 α v the twisted linear character given by
We have the following theorem.
Theorem 2.2. Assume that the family {F v } v is Log compatible. Then there exist rational functions V
and for any finite field F q and any character
Moroever V v and V gen v are related as follows :
where Z µ (t) is the polynomial whose evaluation at q is the cardinality of the centralizer
Proof. The existence of the rational function V v (t) is clear from the assumptions on F v . Let us prove the existence of V gen v and that
where the last sum is over the set of conjugacy classes of GL v (F q ) of type ω.
We are reduced to see that
where the sum is over conjugacy classes of a given type ω.
Indeed we get what we want by setting
and by using Lemma 2.1. The proof of the additive analog of (2.1) is contained in the proof of [6, Proposition 2.10]. For the convenience of the reader we sketch it here. We embed
Choose an element of GL v (F q ) of type ω with Jordan form σu where σ is semisimple and u is unipotent. Let
-conjugacy class of zu is surjective on the set of conjugacy classes of GL v (F q ) of type ω. The fibers of that map can be identified with
where M = C GL v (u) and C u is the M-conjugacy class of u. This group be further computed and we find that it is isomorphic to
where G n denotes the symmetric group in n letters. We thus reduced have
Now we regard 1 α v as a character of GL N (F q ). Our choice of α v ensures that the character 1 α v of GL N (F q ) is generic, namely its restriction to the center Z GL N is trivial while its restriction to the center of any proper Levi subgroup of GL N is non-trivial. Therefore we can use [11, Proposition 6.8.5 ] to deduce the identity (2.1).
Let us now prove the first identity. Recall that 
The proof of this identity is formal and uses the parametrization of the set of all conjugacy classes of GL v (F q ), where v runs over (Z ≥0 ) r , by the set of all finitely supported maps O → P r . 
Example: Kac polynomials
where for two partitions λ and µ,
with m i (λ) the multiplicity of the part i in the partition λ.
From Burnside theorem, the inner product R v , 1 is exactly the total number of isomorphism classes of Rep F q (Γ, v) and so from [8] we find that the polynomials 
Remark 2.5. We can also prove directly this identity using the well-known fact that an element of Rep F q (Γ, v) is absolutely indecomposable if and only if the quotient of its stabilizer in GL v is isomorphic to F × q . Indeed, in view of the genericity assumption on α v , the restrictions of α v to stabilizers of representations that contains non-scalar semisimple elements will be non-trivial and therefore the inner product formula will vanish on these stabilizers.
DT-invariants and the Steinberg character
The DT-invariants of Γ without potential are defined from cohomological Hall algebra in [10] . There are defined combinatorially as follows.
For
Then the DT-invariants DT v (q) of Γ without potential are defined by
We now recall some well-known fact about the so-called Steinberg character
The Steinberg character of GL n (F q ) is then given by the following formula [2, Corollary 9.3] 
Now by Formula (2.2) we have St µ (q) = 0 unless the coordinates of µ are all of the form (
we deduce that
Cohomological interpretation of DT-invariants
Assume from now that v is indivisible, namely, the gcd of the coordinates of v equals 1. Unless specified, the field K will be either C or an algebraic closure F q of a finite field F q . The letter ℓ will denote a prime different from the characteristic of K, and the letter κ will denote either C if K = C or Q ℓ if K = F q . For an algebraic variety X/ K over K, we denote by H i c (X K , κ) the compactly supported cohomology (this is ℓ-adic cohomology if K = F q and usual cohomology if K = C). By work of Deligne, the cohomology H i c (X/ K , κ) is endowed with a weight filtration. We say that H i c (X/ K , κ) is pure if this weight filtration is trivial namely if : (i) K = C and H i c (X/ K , κ) has a pure mixed Hodge structure of weight i for all i.
(ii) K = F q , X/ K is defined over F q and for all i, the eigenvalues of the Frobenius acting on H i c (X/ K , κ) have absolute value equals to q i/2 . If X/ K is equidimensional, we denote by IC 
Quiver varieties
Here we assume that the characteristic of K is either 0 or sufficiently large to be able to make generic choices of eigenvalues of adjoint orbits (the bound can be made explicit, see for instance [4 Define
The action of GL v on µ 
Theorem 3.2. The variety Q C is not empty if and only if v C is a root of Γ C . Moreoever it is reduced to a single GL v -orbits if and only if v C is a real root.
Assume that Q C is not empty, then (i) the quotient map µ
is a dense nonsingular open subset of Q C (in particular it is non-empty), (iii) the variety Q C is irreducible of dimension
where C Γ C is the Cartan matrix of Γ C .
It is possible to identify Q C with a quiver variety µ
where µ v C is the moment map for Γ C and where ξ C ∈ K I C is defined on each leg exactly as in [11, page 1414] . We now prove this theorem using this identification together with the general theorems by Crawley-Boevey and Nakajima on quiver varieties of the form µ 
Denote by u P the Lie algebra of the unipotent radical of P.
Define
Note that the diagonal action of GL v on Rep K (Γ, v) × (GL v /P) preserves the relation and so GL v acts on V L,P,ξ . The projection on the first coordinate ρ : V L,P,ξ → µ −1 v (C) is then a GL v -equivariant projective map. Say that an adjoint orbit of gl v is generic if it satisfies Lemma 3.1 and choose a generic semisimple orbit S of gl v such that the multiplicities of the eigenvalues of the i-th component are given by the parts of the dual partition of µ i (since v is indivisible such an adjoint orbit S always exist [4, Section 2.2]). We denote then by Q S the quiver variety µ −1 v (S )//GL v . When S is regular, then Q S was considered and denoted Qṽ in [6, Section 2]. The quiver varieties Q S are non-singular and irreducible of same dimension as Q C .
We have the following theorem. This is an easy generalization of the case where the quiver Γ consists of one vertex and g loops which case is treated in [11, Sections 5.3, 7.3] . Note however that (iv) is a consequence of (ii) and (iii). Indeed, from (ii) we get that IH 
, and the Springer resolution
We have the following Cartesian diagram
We denote by IC
• X the simple perverse sheaf on X obtained by shifting by dim X the complex IC
• X . If X is non-singular, we denote by κ the constant perverse sheaf with κ in degree −dim X and 0 in other degrees.
Put
Then G v is naturally identified with the Weyl group N GL v (T)/T of GL v . We parametrize the irreducible characters of G v by P v in such a way that the identity character corresponds to v 1 . Now it follows from Springer's theory (see [11, Section 6.4 ] for a review) that
where A µ is an irreducible representation of G v corresponding to µ. We can prove the following proposition as in [11, Section 5.4].
Proposition 3.4. The restriction (pull back) of IC
.
Moroever the codimension of µ
Therefore we can use the above Cartesian diagram to see that
Taking hypercohomology we find an isomorphism 
For an equidimensional complex algebraic variety X/ K with vanishing odd intersection cohomology we put
Denote by ρ i the character of the representation of G v on H i c (Q T,B,ξ , κ) defined above and by χ µ the character of A µ . From Formula (3.1) we deduce the following one.
Fourier transforms, unipotent characters

Unipotent characters
To alleviate the notation, put G := GL n (F q ) and let B ⊂ G be the The irreducible characters {U χ } χ are called the unipotent characters of G. The character U 1 is the trivial character of G and U ǫ , where ǫ is the sign character of G n , is the Steinberg character of G. For a partition µ of n, we put
so that the U (1 n ) is the Steinberg character and U (n 1 ) is the trivial character.
The unipotent characters of GL v (F q ), with µ = (µ 1 , . . . , µ r ) ∈ P v , are then
Fourier transforms of nilpotent orbits
In this section K = F q . For a multi-partition µ ∈ P v , we denote by O µ the corresponding nilpotent orbit of gl v . Define the characteristic function
has vanishing odd cohomology). Since O v 1 is regular, its Zariski closure is rationally smooth and so X IC 
for f ∈ C(gl v ) and x ∈ gl v (F q ). The values of the two class functions U µ and F (X O µ ) depend only on the types of the orbits and we have the precise relationship between the two [11, Formula (6.6.1), Theorem 6.7.1].
where µ ′ denotes the dual multi-partition of µ.
Cohomological interpretation of multiplicities
Consider the generic adjoint orbits C µ over K as defined in §3.1 (K can be either C or an algebraic closure of a finite field). Recall (see introduction or proof of Proposition 3.8 below) that for each µ ∈ P v , there exists a polynomial R µ v (t) ∈ Q[t] such that for any finite field F q and any linear character
We prove the following theorem. Theorem 3.7. For any µ ∈ P v we have
If Γ consists of one vertex with g loops, then the theorem is exactly [11, Theorem 7.3.3] with k = 1 and X 1 = 1 α v ⊗ U µ . The proof for any Γ goes exactly along the same lines. Since we are working with unipotent characters, the proof simplifies and we sketch part of it for the convenience of the reader.
We need to prove an intermediate result.
for any i → j ∈ Ω and consider the function
Assume given a generic element ξ = (ξ 1 , . . . , ξ r ) ∈ (F q ) r and denote by 1 ξ : gl v (F q ) → κ the characteristic function that takes the value one at ξ ∈ gl v (F q ) and the value 0 elsewhere. Let 1 ξ v denote the linear character F (1 ξ ) of the abelian group gl v (F q ). For two class functions h 1 , h 2 on gl v (F q ), define
To alleviate the notation put
Proposition 3.8. We have the following identity:
Proof. Denote by U ω µ (q) the value of U µ at an element of GL v (F q ) of type ω ∈ T v . Then
where the second sum is over the conjugacy classes of type ω. By Formula (2.1), we deduce that
Denote by Θ ω (q) and N ω µ (q) the respective value of Θ v and N µ at an element of gl v (F q ) of type ω ∈ T v . Then
where the second sum is over the adjoint orbits of gl v (F q ) of type ω. The proposition follows thus from Theorem 3.6, the fact that Θ ω (q) = R ω (q) and the additive analogue of Formula (2.1) which reads
Denote by Θ µ v (t) ∈ Q[t] the polynomial whose evaluation at q equals Θ v , 1 ξ v ⊗ N µ gl v . Theorem 3.7 is now a consequence of the following theorem.
Theorem 3.9. We have
Proof. If Γ consists of only one vertex with g loops, then the theorem is exactly the formula displayed in [11, Proof of Theorem 7.3.3] with k = 1. The proof for an arbitrary Γ is completely similar. However we will still give the complete proof for the case µ = 1 v as it is much simpler than the general case and also this is the case we are interested for DT-invariants. The fact that the proof in this case is much simpler comes from the fact that the variety Q C v 1 is rationally smooth. Recall that C v 1 = ξ + O v 1 
where 1 C ∈ C(gl v ) is the characteristic function of C, i.e., it takes the value 1 on C and 0 elsewhere. But C = ξ + O. Therefore, we have 1 C = 1 ξ * η o where η o is the characteristic functions of nilpotent elements and * the convolution product on functions on gl v (F q ). We thus have F (1 C ) = 1 ξ v ⊗ N and so
Since Q C has polynomial count (over a finite field) and since it is cohomologically pure we deduce that
We refer to Katz appendix in [7] for details relating the cohomology of polynomial count varieties with their counting polynomial (see [11, Section 3.3] for generalisation of Katz theorem to intersection cohomology which is needed for general µ). The variety Q C is rationally smooth and so we have IH 
